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Abstract

The influences of recycle at the ends on multi-pass coolers or heaters through a parallel-plate channel with constant
wall temperature are studied and an exact solution of this problem is presented using an orthogonal expansion tech-
nique. Analytical results show that the external refluxes can enhance the heat transfer efficiency due to the desirable
convective effect having more influence than the undesirable preheating effect for all Graetz numbers, leading to
considerably improved device performance in heat transfer. The results are represented graphically and compared with
the heat transfer efficiency by the adjustment of channel thickness ratio in a single-pass operation (without inserting
impermeable sheets). The suitable selections of the design and operating parameters on considering of both the heat
transfer improvement and power consumption increment are also discussed.

© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The problems of concerning steadily laminar forced
convection heat or mass transfer in a bounded conduit
with ignoring axial conduction or diffusion are the well-
known Graetz problems [1,2]. Some researchers had
further extended the classic Graetz problem to a variety
of boundary conditions (with taking into account [3] or
ignoring [4,5] axial conduction) and to multi-phase or
multi-stream systems [6-12], as referred to conjugated
Graetz problems, in an effort to simulate physical situa-
tions more directly. Beyond the initial concern for the
single-stream problem, developments in the theoretical
formulation of multi-stream systems have yielded ana-
lytical descriptions of multi-pass operations which cou-
ple through mutual conditions at the boundaries [13-16].

Internal or external reflux always plays a significant
role on heat transfer and has received a great deal of
attention in the literature. It is natural to speculate on
the applicability of these effects to absorption, fermen-
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tation and polymerization, which are used extensively in
loop reactors [17,18], air-lift reactors [19,20] and draft-
tube bubble columns [21,22].

In the present paper, the problem of heat transfer in
coolers or heaters, for fully developed laminar flow in a
parallel plate divided into a multi-stream operation by
inserting the parallel impermeable sheets with external
refluxes, has been worked out exactly, including the ef-
fects of recycle ratio and impermeable-sheet position.
The walls of the parallel plate are kept at a constant
temperature and the fluid enters the parallel plate at
different temperatures. The simultaneous differential
equations governing the problem are then treated using
an orthogonal expansion technique. This technique was
employed successfully in solving conjugated Graetz
problems by many investigators [23-27]. Without loss
of generality, eigenfunctions are expressed to be poly-
nomials with expansion coefficients containing the
characteristic parameter, which is solved by the ortho-
gonality conditions. An exact solution of the problem on
heat transfer of multi-pass flow in a parallel-plate device
with external refluxes is given in Section 2. Due to the
rapid convergence of the infinite series, the method of
eigenfunction expansion technique with eigenfunction
expanding in terms of an extended power series is
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Nomenclature

B conduit width, m

Dy hydraulic diameter, m

F, eigenfunction associated with eigenvalue 4,

Gz Graetz number, 2VW /aBL

G, function defined during the use of ortho-
gonal expansion method

h average heat transfer coefficient, kW/m? K

Iy improvement of heat transfer, defined by
Eq. (37)

I, increment of power consumption, defined
by Eq. (38)

k thermal conductivity of the fluid, kW/m K

L conduit length, m

Iwy friction loss in conduit, m?/s?

P hydraulic dissipated energy

Nu Nusselt number

R reflux ratio

S expansion coefficient associated with eigen-
value 4,

T temperature of fluid, K

vV input volume flow rate of conduit, m*/s

v velocity distribution of fluid, m/s

[ average velocity of fluid, m/s

w distance between two parallel plates, m

X transversal coordinate, m
z longitudinal coordinate, m

Greek symbols

o thermal diffusivity of fluid, m?/s

ratio of channel thickness, W,/ W, = W,/ W.
transversal coordinate, x/ W
dimensionless temperature,
(Ts — 1h)

eigenvalue

fluid viscosity, kg/m s
longitudinal coordinate, z/L
density of the fluid, kg/m?
dimensionless temperature,
(T — T.)

D= ™

(T-1)/

>
3

<D =

(r-19/

Subscripts

in the channel a

in the channel b

in the channel ¢

in the channel d

at the outlet, £ =10

at the inlet

in a single-pass device without recycle
at the wall surface

e R WIS I

employed to solve the multi-pass device in a more
straightforward manner. The influences of sheet position
and recycle ratio on the heat-transfer efficiency and
power consumption increment for multi-pass operations
are also determined to allow the specification set by
designer. One may follow the analytic procedure per-
formed in the present paper and develop a model for
other conjugated Graetz problems in heat- and mass-
transfer devices with many further possible boundary
conditions in two or more contiguous streams and
phases of multi-stream or multi-phase problems.

There are two purposes in the present study: first,
to develop the theoretical formulation for multi-pass
coolers or heaters by using the eigenfunction expansion
technique; second, to investigate the heat-transfer effi-
ciency improvement of such multi-pass coolers or heat-
ers and to discuss the influence of the sheet position and
recycle ratio on the device performance.

2. Mathematical formulations

2.1. Temperature distributions in multi-pass devices

An alternative design for increasing the heat transfer
rate with the inlet fluid flow rate specified and kept un-

changed. Three parallel impermeable sheets with negli-
gible thickness and negligible thermal resistance are used
in a parallel conduit of thickness 7, length L, and width
B (>>W) to divide it into four subchannels, subchannel
a, b, ¢ and d, with channel thickness W,, W,, W, and W,,
respectively. The channel thickness ratio is defined as
Py = Wa/ W, and B, = W, /W,.. Before entering each of
two outer channels for a four-pass operation as shown
in Fig. 1(a), the fluid with volumetric flow rate 7 and the
inlet temperature 7; will mix with the fluid exiting from
the inner channel with the volumetric flow rate RV and
the outlet temperature Tr = (Trup + Trcq)/2, Which is
regulated using a conventional pump. The fluid is mixed
completely at the inlet and outlet of each subchannel.

The theoretical analysis is developed through fol-
lowing assumptions: constant physical properties and
wall temperature; purely fully developed laminar flow in
each subchannel; negligible axial conduction as well as
entrance length and end effects. After the following di-
mensionless variables are introduced:

X; z T —Ti -1
=L =2 Y= 0,=1—y, = 7
;11 Wl'7 é L7 lpl 7}71—;7 wl ]’;77"1
2V (W, . 2
Gz = ( +Wb+W+Wd)=ﬂ, i=a,b,cd
aBL aBL

(1)
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(R+1)V

(b)

Fig. 1. (a) Multi-pass parallel-plate coolers or heaters with external refluxes at both ends. (b) Double-pass coolers or heaters.

The velocity distributions and equations of energy in
dimensionless form may be obtained as

oy, (n,, €) _ W,-ZU("II') AUNS)
o} | La o

vi(n) =wi(6n, —6n7), 0<n, <1, i=ab,c,d 3)

i=a,b,cd (2)

in which 7, = [(R+ 1)V /W,B], 7, = —[RV /W,B], 7. =
—[RV/W.B], v7g = [(R+ 1)V /W,B].

The boundary conditions used for solving Egs. (2)
and (3) are

¥,(0,8) =0 4)

Vo (1,8) = y,(1,¢) (5)

_aw,é(nla, 9) :%6¢%E11b, 9] ©)

¥,(0,8) =¥.(0,¢) (7)

_ 0,0, _ W 99.(0,9) (8)
on,, w. on,

ve(1,8) =y,(1,9) )
o (1,8) W (1,8 (19)
. Wa  Ony
Va(0,8) =0 (11)
and the dimensionless outlet temperature is
Or = (Orap + Orca) 2 =1 = (Wra + Vre)/2
_ Trar+ Trea)/2 =T (12)

I, —T

By following the similar procedure performed in our
previous work [15], the analytical solution to this
problem will be obtained with the eigenfunctions ex-
panding in terms of an extended power series. The di-
mensionless outlet temperature, referred to the bulk
temperature, is obtained by making the overall energy
balances on both outer subchannels. It was in terms of
the Graetz number (Gz), eigenvalues (4,), expansion
coefficients (S,n, Shm» Sen and Sy,,), location of imper-
meable sheet (f,, and f,,) and eigenfunctions (¥, ,,, Fj u,
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F.,, and F;,). The procedures for evaluating the eigen-
values and expansion coefficients are shown in Appendix
A and the result is as follows:

— [y 0o WsBY, (ny, 1)y,

WF,ab = TR
- W:Rwéz D S; {F,,(1) = F,,(0)}
m=0 "M
oy v By, (n,, 1) dn,
B V(R+1)
W = am
:m2 7 (D) = FL, 0 (13)
or

P 2T AU
Fied VR

00

WRGZ Z C’n Lﬂ‘l F;/ﬂl(o)}

_ fo vaWaBYr,(n4, 1) dn,
V(R+ 1)

TR TG 2 i) = a0} (19

m=

or may be examined using Eq. (17), readily obtained
from the following overall energy balance on the outer
walls

(] - WFah) + V( l//FLd
ocBL@lp (0,¢) &t /ocBLalpd )dé (15)

0 P

thus,

(1 —l//Fab)+(1 —Vrea)

(1—em)W
amFl 1 g
> o,

Gz 2
+ ; Sunfy(0) “—A:Wd)W} 1)
or
Vg T Wpea =2 — 6 ; \ mF' %;/Q)W
+ 2 SamF,(0) %} (17)

Once the eigenvalues and associated expansion co-
efficients are obtained, the dimensionless outlet temper-
ature is readily calculated by Eq. (17). Also, the mixed
inlet temperatures of both outer subchannels are calcu-
lated by

— [y 05 W B, (1, 0) dip, + ¥

¥, (1,,0) = V(R et
= R41— e ; Sbmi Q)
) F”/M(O)}} (18)
and
o
R41—1 Wz ; '"em “E L)
- Fc’_m(O)}} (19)

2.2. Temperature distributions in double-pass devices

Similarly, for the double-pass device as shown in Fig.
1(b), only an impermeable sheet is inserted to divide a
parallel conduit into two subchannels, subchannel a and
b. The equations of heat transfer in dimensionless form
may be also obtained as

azlpa(rla? 5) — W/zv;zva(’,’a) alpu(nm é) (20)
on? Lo o¢

aZWb(nbv é) _ VVbzvh(nb) alpb(ﬂba 5) (21)
on? La o¢

in which

V Vv

va("a) WB (6na 6"5% Ub(nh) WB (6]7/7 6'7[2))
X Xy z 2

’/Ia_m7 ’71;—Wb7 é L GZ_G(BL’

I, — T - T
lpu = TI _ Tg’ wb TI T (22)

The boundary conditions for solving Egs. (20) and (21)
are

¥,(0,6) =0 (23)
a'wl/a(Lé) _ VVa al//b(lvf)

o, W, om, (25)

¥,(0,6) =0 (26)

The mathematical manipulation is similar to that in the
previous section, the results of dimensionless outlet
temperatures for double-pass devices are
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- fol v Wy By, (n,,0) dn,
14

‘PF:

W & Sbm ,
= E F! — F 2
GZVVZ, e ;~m { b, m b.m (0)} ( 7)

or

SamF’

BL r ;
_|¢ " / e (-9 4¢
a m=0 0

oBL & Lo
- / —/m(1=¢)
2SS0 [ dé} (28)

2.3. Temperature distributions in single-pass devices

For the single-pass device of the same size, all three
impermeable sheets in Fig. 1(a) are removed. The
velocity distribution and equation of heat transfer in
dimensionless form may be written as

Gzlpo(ﬂm é) _ WzUO(’?o) a‘/’o(’?m 5) (29)
n? Lo o¢
2
vo(1o) = WB (619 — 6’73)7 0<n<1 (30)
in which
X z 2w - T

n0:W7 éZZ7 GZ:O(BL7 pO ] T (31)
The boundary conditions for solving Eq. (29) are
¥,(0,8) =0 (32)
¥o(1,6) =0 (33)

The calculation procedure for a single-pass device is
much simpler than that for a double- or multi-pass
device. The result of the outlet temperature is

00,1" =1- lwa.F
1 S [(1—ehm)
= @ Z [4‘90"75)’)1(0)

m=0 }'O’m
(1 _ 6720,n1)

SomFy (1) (34)
A0,m

3. Heat transfer efficiency improvement

The Nusselt number for multi-pass device by inserted
impermeable sheets may be obtained as follows:
— hW
Nu 35
e (33)
in which the average heat-transfer coefficient is defined
as

h(2BL)(T, — Ti) = 2V pe,(Tr — T) (36)
or

- 2Vpcp Tr — Th . 2Vpcp
h*ZBL(TS_TI)*zBL (1= ) (37)
thus

_ hW 2w

Nu = === r (1 =) = 0.5Gz(1 =y (38)

Similarly, for a single-pass device without recycle

— hoW  2WW
Nitg — Ok ) (1- ‘//oﬁF) =0.5Gz(1 — 1//0,F)
= 0.5Gz0p £ (39)

The heat transfer efficiency improvement, [, for
double- and four-pass devices by inserting the imper-
meable sheet with negligible thermal resistance is best
illustrated by calculating the percentage increase in heat-
transfer rate, based on the heat transfer of a single-pass
operation of the same Graetz number without recycle as

W—WOU/
=——

_Nu—1 40
h N (40)

4. Numerical examples
4.1. Power consumption increment

The laminar flow in all subchannels of multi-pass
operations is assumed, the power consumption incre-
ment, I,, due to the friction losses (éwy,, fwsp, fwe, and
lwey for multi-pass devices while ¢weq for single-pass
devices) in the flow channel can readily derived as [15]

P-P
bR
0
_ [(R+1)lwr o 4 Rbw  + Rlwi o 4+ (R4 1) wg o] — (20wr )
B 2€Wf70
(41)
1 LAY YL AN LAY
—Z(RJrl) (Wa) +4R Wb +1R W
1 N A%
+(R+1) (%) ~1 (42)

where P= Vp[(R + I)EWf‘a +R£Wf’b +R£Wf‘c + (R + I)ZWf.d]
and Iwy; = (2f7;*L) /Dy, i=0,a,b,c or d. As an illustra-
tion, the power consumption of the single-pass device
will be illustrated by the working dimensions as follows:
L=12m, W=0.04 m, B=02 m, V=1x10"° m/s,
u=28.94x10"* kg/ms, p=997.08 kg/m*. From those
numerical values, the friction loss and hydraulic dissi-
pated energy P, in a open conduit of a single-pass device
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was calculated by the appropriate equations and the
results are

D, \2
=1.073x10* W =144 x 10 hp (43)

Py = 2Wplewro) — (21)f 2L ( 1/)172)

Some results for 7, of multi-pass device are presented in
Table 1.

4.2. Case studies of heat transfer efficiency improvement

The recycle effect on heat-transfer efficiency im-
provement was illustrated by the following case studies.

Consider the heat transfer for a fluid flowing through a
parallel-plate channel with W = 0.04 m, B = 0.2 m and

ﬁah = ﬁcd =1

Case 1: Pure water of 62 °C is flowing through parallel-
plate channel with constant wall temperature of
16 °C. The numerical values are assigned as
1 =62°C, T,=16°C,
Oyater = 1.524 x 107"m? /s

Case 2: Kerosene at 62 °C is flowing through parallel-

plate channel with constant wall temperature
of 16 °C. The numerical values are assigned as

Table 1
The power consumption increment with recycle ratio and channel thickness ratio as parameters
R I,
Bar = Boa =1/3 B =P =1 Bap =PBa=3
0.5 577.38 79 84.41
1.0 1032.52 159 293.07
2.0 2341.07 415 1108.81
5.0 9452.93 1951 6741.61
Table 2
The results of Case 1
L x 10* (m) V x 10° (m3/s) Gz Nuy L (%)
R=05 R=3 R=5
7.8 1.5 50 1.93 4.74 4.70 4.62
7.5 250 2.00 5.26 5.31 5.34
3.0 1000 2.02 5.38 5.42 5.44
15.6 1.5 25 1.80 4.20 4.10 3.91
7.5 125 1.98 5.11 5.13 5.13
3.0 500 2.02 5.31 5.39 5.41
234 1.5 12.5 1.60 3.28 3.10 2.95
7.5 62.5 1.95 4.83 4.81 4.78
3.0 250 2.00 5.26 5.31 5.34
Table 3
The results of Case 2
L x 10* (m) V x 10° (m?/s) Gz Nuy I, (%)
R=1 R=2 R=5
1.35 1.5 50 1.93 4.74 4.74 4.70
7.5 250 2.00 5.26 5.26 5.31
30 1000 2.02 5.38 5.38 5.42
2.7 1.5 25 1.80 4.20 4.20 4.10
7.5 125 1.98 5.11 5.11 5.13
30 500 2.02 5.31 5.31 5.39
4.05 1.5 12.5 1.60 3.28 3.28 3.10
7.5 62.5 1.95 4.83 4.83 4.81
30 250 2.00 5.26 5.26 5.31
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I1=62°C, T,=16°C,
Ueerosene = 8-645 x 1078 m? /s

From these numerical values, the transfer efficiency
improvements in laminar counterflow multi-pass coolers
operated with external refluxes under various flow rates
of fluid and reflux ratios, were calculated by the ap-
propriate equations and the results are presented in
Tables 2 and 3.

5. Results and discussion

By following the same mathematical treatment per-
formed in multi-pass parallel-plate heat exchangers of
the previous work [15], the temperature distributions in
four subchannels were obtained by solving Eq. (2) an-
alytically with the use of Egs. (4)—(11), while the results
were obtained by using the same method to solve Egs.
(20) and (21), and Eq. (29) for single- and double-pass
devices, respectively. Finally, the outlet temperatures,
referred to the bulk temperatures, are derived from the
overall energy balances. As an illustration, some calcu-
lation results of the first two eigenvalues and their
associated expansion coefficients as well as the di-
mensionless outlet temperatures were calculated for
P =Pqa=1, R=1and Gz=1, 10, 100 and 1000. It
appears from Table 4 that only the first negative eigen-
value is necessary to be considered during the calcula-
tion of temperature distributions due to the rapid
convergence. The value of Gz/y in multi-pass devices
with external refluxes for f, =f.,=1 and R=1 is
—7.8539, as shown in Table 4, while that in the double-
pass devices without recycle is —8.8300. Thus, the
eigenvalues are different between the multi- and double-
pass devices.

Table 1 shows that the power consumption increment
increases with the reflux ratio or as f,, and ., move
away from 1. Although the power consumption incre-
ment in multi-pass operations may be large as 9452.93

Table 4

for R=5 and B, = f.,=1/3, however, the power
consumption in the single-pass device is extremely small
as 1.44x 1077 hp. Therefore, the power consumption in

all devices may be ignored.
5.1. Heat transfer efficiencies in multi-pass devices

Figs. 2 and 3 show the theoretical dimensionless inlet
temperature 0, (or 0,) of the fluid after mixing the outlet
0r, with the reflux ratio and channel thickness ratio as
parameters, respectively. The mixed inlet temperature
increases with the residence time, which is inversely
proportional to the inlet volumetric flow rate. Accord-
ingly, the mixed inlet temperature increases with in-
creasing the reflux ratio, but with decreasing the channel
thickness ratio and Graetz number.

Figs. 4 and 5 show the dimensionless outlet temper-
ature 0y vs. Gz with the reflux ratio and channel thick-
ness ratio as parameters, respectively. The application of
recycle-effect concept to improve the performance in
coolers or heaters creates two conflict effects: the desir-
able effect of enhancing convective transfer rate and
undesirable one of decreasing the temperature gradient
between the fluid and walls. At low Graetz number (ei-
ther small inlet volumetric flow rate V or large channel
length L) the desirable convective transfer rate en-
hancement by increasing the reflux ratio cannot com-
pensate for the temperature gradient decrement, and
hence the devices with external refluxes are not favorable
to heat transfer, as shown in Fig. 4 and 5, the dimen-
sionless outlet temperature increases with decreasing the
reflux ratio. However, the recycle effect contributes a
positive influence on the heat transfer for large Graetz
number. This is due to the convective transfer effect
having more contribution than the temperature gradient
effect here.

5.2. Heat transfer efficiency improvement based on single-
pass devices

Fig. 6 shows the theoretical average Nusselt num-
bers, Nu and Nuy, with the reflux ratio as a parameter for

Eigenvalues and expansion coefficients as well as dimensionless outlet temperatures in multi-pass devices with recycle for f,, = ., = 1

and R = 1; Gzdg = —7.8539 and Gz4, = —21.485

Gz m ﬂm Sa.m Sb,m S“n Sd.m wF(;l) WF(}VI,)Q)
1 0 —7.8539 7.6x107* 2.2x107* 2.2x107* 7.6x107* 0.0003 0.0003
1 —-21.485 -2.8x107% -5.8x107% -5.8x107% -2.8x107%
10 0 —-0.7854 1.0300 2.9x107! 2.9%x107! 1.0300 0.3740 0.3740
1 —-2.1485 -7.5%107" 2.7x107°1 2.7x107"7 -7.5%107"
100 0 -0.0785 2.4709 7.0x 107! 7.0x107! 2.4709 0.8972 0.8972
1 —-0.2149 2.5%x 1071 -5.1x1077 5. 1x107" 2.5%x 1071
1000 0 -0.0079 2.7239 7.8x107! 7.8x107! 2.7239 0.9891 0.9891
1 -0.0215 -3.8%x10°1 4.0x10°" 4.0x10°"7 -3.8%x10°1
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Fig. 2. Dimensionless mixed inlet temperatures of fluid after mixing with recycle ratio as a parameter; $, = f., = 1.

B = B.s = 1 while Fig. 7 with reflux ratio and channel

Theimprovement percentage of heat transfer efficiency

thickness ratio, f,, and f,,, as parameters. Nusselt I, was represented in Table 5 with the Graetz number Gz,
numbers and the heat-transfer efficiency improvement channel thickness ratios (5, and f.,) and recycle ratio
are proportional to 0 (0o ), as shown in Egs. (35) and R as parameters. It is observed from Table 5 that the
(36), so the higher improvement of device performance is average Nusselt numbers increase with Graetz number
thus obtained in multi-pass operations with external Gz and recycle ratio R for large Graetz number but
refluxes. with decreasing the channel thickness ratios (f8,, and f3_,).
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Fig. 3. Dimensionless mixed inlet temperatures of fluid after mixing with channel thickness ratio as a parameter; R = 1 and 5.

Two case studies were illustrated for the heat transfer 6. Conclusion
efficiency improvement and the results are shown in
Tables 2 and 3. From these two tables we see that 7, The equation of heat transfer in multi-pass coolers or
increases with Gz and with R. For low Graetz number heaters with external refluxes was developed using the
(large L or small V), a higher improvement percentage is orthogonal expansion technique with the eigenfunctions
obtained, and /;, decreases as we proceed down Tables 2 expanding in terms of an extended power series. When a

and 3. single-pass parallel-plate cooler or heater is rearranged
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Fig. 4. Dimensionless outlet temperature vs. Gz with recycle ratio as a parameter; , = ., = 1.

to become a multi-pass device, the fluid velocities in each
subchannel increase, thereby leading to increased con-
vective heat transfer rate. It is concluded that the ap-
plication of recycle-effect concept in a parallel-plate
conduit can enhance heat transfer for fluid flowing
through multi-pass coolers or heaters by inserting im-
permeable sheets with negligible thermal resistance. The
local transversal temperature profile in channels a and b,
for f,, =B, =1 and R =1 and for various axial dis-

tance ¢ presented in Fig. 8 lend credibility to the theo-
retical predictions of the mathematical model. The
present study is actually the extension of our previous
work [15] except the type of reflux. Fig. 9 illustrates the
graphical representation for comparisons with the same
parameter values used in Fig. 7 to explain how the
present recycle device improves on the previous work. It
is observed in Fig. 9 that the average Nusselt number of
the present work is higher than that in our previous
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Fig. 5. Dimensionless outlet temperature vs. Gz with channel thickness ratio as a parameter; R = 1 and 5.

work [15], which the contribution differs from the pre-
vious work. With those comparisons, the advantage of
present devices is evident for any Graetz numbers with
R=75.

Considerable improvement in heat transfer is ob-
tainable if a cooler or heater is operated with external
refluxes, which provide the preheating effect and the
enlargement in fluid velocity. However, the increases in

operating cost should be taken into account with the
economic sense. Therefore, both the heat transfer im-
provement, [, and the power consumption increment,
I,, were considered in economical feasibility to suitably
select the design parameter (f,, and f,,) and the oper-
ating parameters (Gz and R). The results of 1, /I, with
recycle ratio and channel thickness ratio as parameters
were presented in Fig. 10. Fig. 10 shows that the values
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of I, /1, decrease with increasing the recycle ratio and as
the channel thickness ratio (f,, and f5,;) moves away
from 1, especially for f8,, = ., > 1 with Gz > 20.
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Appendix A

By using the method of separation of variables, the
dimensionless temperature can be written in the form

‘pi(niv ‘f) = ZSi‘mE‘rﬂ('//i)Gm(é) i=a,b,cd (Al)
m=0

and applied to Egs. (2) and (3) leading to

Gal8) =& 179 (A2)
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—
- |2 h =0 i—abea (A

as well as the boundary conditions in Egs. (4)—(11) can
be rewritten as

Sa.mEz‘m(l) = Sb‘m}:b.,m(l) (AS)

Gz

v m v
SamFom(1) = =33 Sonfy (1)

W,
SpanFyp(0) = =357 SeFL(0)

Sc,mF'c,m(l) = Sdedm(l)

471

(A.6)
(A7)
(A.8)

(A.9)
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Table 5
The improvement of the transfer efficiency with reflux ratio and channel thickness ratio as parameters
I (%) B = Bea = 1/3 Ba = Boa =1 Bay =B =3
R=1
Gz=1 2.15 2.12 1.89
Gz=10 147.49 88.07 51.44
Gz =100 361.97 155.32 78.70
Gz = 1000 410.70 166.14 82.48
R=2
Gz=1 2.15 1.93 1.21
Gz=10 136.91 79.86 46.09
Gz =100 360.38 155.80 80.16
Gz = 1000 417.63 169.45 85.43
R=3
Gz=1 2.04 0.53 —1.55
Gz=10 125.67 70.24 39.14
Gz =100 363.88 154.99 80.23
Gz = 1000 432.18 171.67 87.13
! VI/C ! >
Semf, (1) = *Wde,mE,m(l) (A.10) Fym(ng) = sz,nnz, two =0, tn1 =1 (selected)
n=0
Fyn(0)=0 (A.11) (A.18)

where the primes on F,,(n,), Fom(ny), Fem(n.) and
F; . (n,) denote the differentiations with respect to 1,, 1,
1. and 7,, respectively.

Combinations of Egs. (A.5) and (A.6), Egs. (A.7) and
(A.8), and Eqgs. (A.9) and (A.10) result in Egs. (A.12),
(A.13), (A.14), respectively

Fam W Fom

_ () (A.12)
E, WE,x1)
Fom WeFe(0)

m_ _ Weben(0) Al
E,  WF.,(0) —
E.Wl _ _ VVdFd,m(l) (A ]4)
F, W, () ’

To avoid the loss of generality, the eigenfunctions
Fun(12)s Fom(n)s Fem(n.) and Fy,,(n,) were assumed to
be polynomials. By using Eqgs. (A.4) and (A.11), we can
get

F;,m(na) = me.nﬂ27 pm,O = 07 pm?l - 1 (SeleCted)
n=0

(A.15)

Fym(ny) = quﬂqz, gmo = 1 (selected) (A.16)
n=0

F..(n.) = Zrm,nnz, rmo = 1 (selected) (A.17)
n=0

Substitution of the Egs. (A.15)-(A.18) into Eq. (A.3)
will lead to all of the coefficients p,, ., Gumn> ¥'m, and t,,, to
be in terms of eigenvalues /,, after using Eqgs. (A.4) and
(A.11). The dimensionless outlet temperature ¥, or
V.4 can be obtained as Eq. (13) or (14) while all of the
eigenvalues (4,), the expansion coefficients, (S, Spm»
S.m and S;,) and the associated eigenfunctions (F,,,
Fyp, F.,, and F,,) are found.
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